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Abstract 

We prove that for sufficiently large k, there exist < cr^ < e& — > as k — > oo, such 
that asymptotically almost surely the first /c-regular subgraph appeared in the random 
graph process where one edge is added at a time has size between (1 — e&)|Cfc| and 
(f — 0*fc)|Cfc|, where Ck denotes the fc-core of the graph. 

1 Introduction 

Let Q(n, m) denote the probability space of random graphs on n vertices and m edges with the 
uniform distribution and let Q(n,p) denote the binomial model of random graphs on vertex 
set [n], where each edge occurs independently with probability p. This paper relates to the 
research on the existence of fc-regular subgraphs of Q(n,cn/2) (correspondingly Q(n,c/n)), 
when c is slightly greater than Ck, the threshold of the emergence of the fc-core. It is obvious 
that a fc-regular subgraph exists only if the fc-core is non-empty, whereas the converse is not 
necessarily true except for k < 2. Thus, Ck > Ck, where Ck is the threshold of the appearance of 
a A;-regular subgraph. In [2], Bollobas, Kim and Verstraete proved that C3 is strictly greater 
than C3. However, whether dk is strictly greater than Ck, for general k > 4, is not clear. 
Bollobas, Kim and Verstraete conjectured that this strict inequality holds also for all k > 4. 
However, Pretti and Weigt [H] claimed the opposite: for all k > 4, Ck and Ck are equal. Their 
approach uses the cavity method and some statistical physics technique. (Basically they 
argued that dk is the critical point where the entropy of some equation becomes zero and they 
argued that Ck is a non-trivial solution of a certain equation, and the solution coincides with 
Ck, for every k > 4. In the application of the cavity method they assumed some hypothesis 
on the stability of replica symmetry, which they only managed to provide numerical evidence 
instead of a mathematical proof.) 

The most recent progress on this are improvements of upper bounds of cV Pralat, Ver- 
straete and Wormald [32] proved that for all sufficiently large k, dk < Ck+2 by showing that 
for any c slightly greater than Ck+2, asymptotically almost surely (a.a.s.) the (k + 2)-core 
contains a fc-factor (if the size of the (k + 2)-core multiplied by k is even). More recently, 
Chan and Molloy [3] proved that a.a.s. the (k + l)-core has a fc-factor, for any c slightly 
greater than Ck+i, where k is sufficiently large. Thus, the currently best known bounds of dk 
is c k < c k < c k+ i, for large k. 
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In this paper, we study the size of the first fc-regular subgraph in the graph evolution 
process, defined as follows. Let G ,Gi, . . . ,G/„\ be a graph process where G is an empty 

graph on vertex set [n] and for every 1 < i < (™), Gj is obtained by adding one edge x 
to Gi_i, where x is uniformly at random chosen from all edges not in Therefore, 
Go C G\ C ■ ■ - G/ n \ and for every < i < (™), Gi is distributed exactly as Q(n,m). This 

random graph process was first introduced by Erdos and Renyi. For details, see [5]. Let m k 
denote the minimum integer m that G m contains a fc-regular subgraph. What is the size of 
a typical fc-regular subgraph in G mk l For k = 3, the observation by Pretti and Weigt [T4"] 
suggests that the first fc-regular subgraph contains around 24% of vertices in G m3 . (They 
claimed that they will identify the size of the first fc-regular subgraph for general k > 4 in 
a following publication. But we did not find a paper on that.) In this paper, we prove that 
for all sufficiently large k, asymptotically almost surely (a.a.s.) the first fc-regular subgraph 
appeared in the random graph process misses at most e k \C k \ vertices of C k , where C k is the 
fc-core of G mh and e k — > as k — > oo. On the other hand, with a simple second moment 
argument, we can easily show that a.a.s. this /c-regular subgraph must miss at least fi(|Cfc|) 
vertices of C k . 

It follows immediately as a corollary that for c slightly greater than c k , if there exist some 
/c-regular subgraphs in Q(n,cn/2) (or Q(n,c/n)), then a.a.s. the sizes of all fc-regular graphs 
lie between (1 — e fc )|C fc | and (1 — a k )\C k \, where < o k < e k — >■ as k — >• oo. Thus, either to 
rigorously prove Pretti and Weigt's prediction, or to prove the conjecture by Bollobas, Kim 
and Verstraete, we only need to restrict our further investigation to the existence of fc-regular 
subgraphs with size in a narrow range (1 — e&)|Cfc| and (1 — a k )\Ck\, where < a k < t k — > 
as k — > oo. 

2 Main Results 

Let n, M and k be positive integers such that M > kn is even. Let Ai (n, M, k) denote the 
probability space of random multigraphs on vertex set [n] with M/2 edges whose end vertices 
are independently and uniformly at random (u.a.r.) chosen from [n], conditional on that 
each vertex has degree at least k. Let T-L(n, M, k) denote the probability space of Ai(n, M, k) 
restricted to simple graphs. It is well known (see jl]) that the fc-core of Q(n,p) is distributed 
as T-L{n' 2m', k), conditional on the number of vertices and edges in the k-core being n' and 
m! . 

Given a graph G and a positive integer k, let C k (G) denote the k-core of G. For a sequence 
of probability spaces indexed by n (e.g. Ai(n, M, k) and %(n, M, k)), we say an event A n is 
true asymptotically almost surely (a.a.s.) if the probability that A n holds goes to 1 as n — > oo. 
For two functions f(n) and g(n) of n, we write f(n) = 0(g(n)) if there is a constant C > 
such that \ f(n)\ <C\g(n)\. We write /(n) = o(g{n)) if lim^oo f(n)/g(n) = 0. All unspecified 
asymptotics refer to n — > oo. Some asymptotics refer to k — > oo. In this case, we will always 
specify it. 

Theorem 2.1 Let G ~ T-L(n, M, k) , where d = M/n = k + o(k) (as k — > oo) and d > 
k + | y/ k log k . Then for every e > 0, there exists K > such that provided k > K, a.a.s. 
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there is no k-regular subgraph of G whose size is between en and (1 — e)n. 

Theorem 2.2 Let k > 3 be a fixed integer. Let G ~ 7i(n,M,k), where M = 0(n). Then 
there exists e > 0, such that a.a.s. there is no k-regular subgraph of G whose size is more than 
(l-e)n. 

Let (G m ) 0<m< M be the random graph process defined in Section [TJ and recall that 
denotes the minimum integer m such that G m contains a /c-regular subgraph. In order to 
apply Theorems 12.11 and 12.21 and show the same conclusions there hold also for the /c-core of 
G mk , we need to show that the average degree of the fc-core of G mk satisfies the hypotheses 
of Theorems 12.11 and Theorem 12.21 

For k > 3, define 

fk-iW 

and let 

c k = 'mi{h k (ji),/j, > 0}. 

For any c > c k , define fj, Cjk to be the larger solution of h k {p) = c. In particular, let /i k = fj, Cht k 
for k > 3 and let dk = fJ>kfk-i(p>k)/ fkil^k)- Pittel, Spencer and Wormald [11] determined that 
Ck = k + a/ k log k + 0{^/kj log k). (The error term in [TT] is O(logn), and was corrected 
in [12]. See [T2l Lemma 1] for a more precise expression of c^.) They also determined the 
a.a.s. size and density of the k-core for any c > c&. We cite their result as follows (in a less 
precise form). 

Theorem 2.3 Let k > 3 be fixed. Suppose that c < Ck — n~ 1 ^ and m = cn/2. Then a.a.s. 
Q(n,m) has an empty k-core. Suppose c > c k + n~ 1 ^ and m = cn/2. Then, a.a.s. Q(n,m) 
has a non-empty k-core with fk(f^c,k)n + o(n) vertices and ^fi Ci kfk-i{^c,k)n + o(n) edges. Same 
conclusions hold for Q(n,p) with p = c/n. 

In the same paper, the estimated the size of the first fc-core in the random graph process 
{Gi) 0<i< /n\ (see [TTJ Theorems 1 and 3]), from which we can easily deduce the following lemma 

(by noting that fifk-i(fi)/ fk(p) is an increasing function on \i > 0). 

Lemma 2.4 A.a.s. the average degree of Ck{G mk ) is at least dk + o(l). 

In the following lemma, we estimate dk and and show that they are both close to c& 
when k is large. 

Lemma 2.5 

d k = k + \J k log k + 0(y/k/\ogk), fj, k = k + y/k log k + 0(y/k/\ogk), f k ([j, k ) -> 1, 
as k — > oo. 
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By Lemmas 12.41 and 12. 5[ we see that a.a.s. the average degree of Ck(G mk ) is at least 
k + | y/klogk, as required by Theorem I2.1[ whereas the condition of its average degree being 
at most k + o{k) can be easily verified by noting that Ck < Ck+i for large k, proved in [3]. 
It is easy to prove that a.a.s. for all k > 3, Ck{G mk ) cannot have a subgraph with at most 
eo|Cfc| vertices and with average degree at least k, for some small fixed eo > (by applying 
Lemma \5. II in Section [5]). Then using Theorems 12. II and 12.21 and by Lemma T2.5[ we can prove 
the following theorem for the size of fc-regular subgraphs of Q mk . 

Theorem 2.6 For all sufficiently large k, there exist < < such that — > as k — > oo 
and a.a.s. all k -regular subgraphs ofG mk have size between (1 — efc)|Cfc| and (1 — ak)\Ck\, where 
Ck = Ck(G mk ). 

We also have the following result for Q(n,p) and Q(n,m). 

Theorem 2.7 Let k > 3. For every c > Ck + n _1//3 and c = k + o(k) (with respect to 
k — > oo), there exist two constants > Ok > with tk — >■ as k —¥ oo such that a.a.s. all 
k-regular subgraphs of Q(n,cn/2) (and Q(n,c/n)), if they exist, have size between (1 — €k)\Ck\ 
and (1 - o-fc) \Ck\- 



3 Proof of Theorem 2.1 



Let Y denote the degree sequence of M(n, M, k). It was proved in [4] that the distribution 
of Y is precisely the truncated multinomial Multi(n, M, k), defined as follows. Let P„,M,fc 
denote the set of vectors 

J d = (di)™ =1 : J2d i = M, di > fc,V 1 < i < n \ . 

I l<j<n J 



Then for any d G X> n ,M,fe, 



^dev n M k {d 1 ,...,dJ' n ^dev n , M ,h -lL=i 



The distribution of Y can be approximated by n independent copies of a truncated Poisson 
random variable, defined as follows. Let d = M/n. Choose A > such that A/ fc _x(A) = dfk(\). 
It is easy to see that A exists and is unique as long as d > k. Define Z>fc(A) to be the random 
variable with probability function 

P(Z> fc (A)=j) = ^-^, Vj>k, (3.2) 
Jfe(A)j! 

where /fc(A) is defined to be ^2 i> k e ~ X ^ 1 A- 

The following result on approximating Y by independent copies of Z>fc(A) can be found 
in [6l Corollary 5.3]. 
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Proposition 3.1 Assume d = M/n = 0(1) and let A be chosen such that A//-_i(A) = dfk(X). 
Let A n be a subset ofT> n ^M,k- Let Pj<p{An) denote the probability that . . . , Z n ) e A n where 
Zi are independent copies of Z> k (\) defined in V3. 6 A) and let P M (A n ) denote the probability 
that (Yi, . . . , Y n ) G A n in Ai(n, M, k). Assume that M — kn — > oo as n — ?■ oo. Then 



P M (A n ) = 0(VM)P TP (A n ). 

Given a degree sequence d e T> n M ^, let g(d) denote the number of simple graphs with 
degree sequence d. In particular, let g%(n) denote the number of fc-regular graphs on n 
vertices. The estimation of g(d) was studied in a few research papers. See PEJUn]. Here we 
cite the result by McKay [8]. Let d m3bX = m&x{di : 1 < i < n}. Recall that d 6 T> n> M,h- So 
Y^h=i d i — M. If d max = o(M 1//4 ), we have the following asymptotic estimate. 

^ (d) = 2M/*(M/2)!nr = i*! exp ( ~^ (d)) ' (3 ' 3) 

where 

n / n \ 2 

^(d) = d *( d * - l )l 2M + d ^ di - X )/ 2M + °( d LJM). (3.4) 

1=1 \i=l J 

The proof uses the configuration model, first introduced by Bollobas [lj. Consider each 
vertex % as a bin containing di points. Uniformly take a random matching of all M points and 
represent each pair in the matching as an edge in the resulting (multi)graph. Then the total 
number of matchings is M!/2 M//2 (M/2)!. The resulting (random) graph is not necessarily 
simple. But it is easy to see that every simple graph corresponds to exactly Yli=i d i- distinct 
matchings. Hence, the above estimate was obtained by proving that the probability that the 
resulting graph is simple is exp (— <p(d)), which holds when <i max = o(M 1 ^). Of course, if we 
ignore the probability of the resulting graph being simple, we have the following coarse upper 
bound of g(d) 

Ml 

9{d) - 2^(M/2)!nr=i^' (3,5) 

which holds for any degree sequence d. 

Let Pm( - ) an d Ejvi(-) denote the probability and expectation in the probability space 
M.(n, M, k) and let P-h(') an d E-^(-) denote the probability and expectation in %{n, M, k). 
Let G ~ Ai(n, M, k). Then, for any event A and any random variable X, 

p r A s = Vm(AA(G simple)) = ^m(XI{G simple}) 

Pm(G simple) P^(G simple) 

as H(n,M,k) is Ai(n, M,k) restricted to simple graphs. The following proposition is a 
standard method of proving a.a.s. properties in %{n,M,k). Instead of proving that some 
property holds a.a.s. in "H(n, M, k) directly, it is usually easier to prove that it holds a.a.s. in 
M.(n, M, k) instead. This proposition can be found in many papers (e.g. [6]). (In fact, it can 
be easily deduced from (13. 3ft and Lemma [3.31 below.) 

Proposition 3.2 Assume M = 0(n). Then Pm(G simple) = where G ~ Ai(n, M, k). 
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Let A be such that Xfk-i(X) = df k (X), where d = M/n. Define 

C = X 2 f k „ 2 (X)/2df k (X). 
Define P° M k to be the subset of T> nt M,k satisfying 

n 

rf max < M^/logn, C - 1/logn < Udi - l )l^ M < C + 1/log 



n. 



(3.6) 



(3.7) 



i=l 



Lemma 3.3 Assume M = 0(n). Then P.m(Y £ £>° 



n,M,k) 



0(1). 



Proof. Let Zi,...,Z n be independent copies of Z> k (X), where Xf k -\(X) = df k (X) and 
d = M/n. Then EZj = X 2 f k -2(X) / f k (X) . First we bound the probability 



;n . 



max Zi > M 1/4 /log'- 
By the definition of Z> k (X) in (13. 2p . we immediately have 

n 

pf max Z, > t) < V P(Zi >t) = Oine^X 1 / f k (X)t\) = 0(n(eX/tf) = 0(e 

V Ki<n / ^— ' 

i=l 

where t = M 1//4 /logn. Next, we bound the probability that 



(3.1 



^2Zi{Zi-i)/2M-C 



i=l 



> 1/ logn. 



Let Wi = ZiI{Zi < logn}. Then for every 1 < % < n, 

P(Zi Wi) = P(Z, > logn) = 0(e- A A log 7(logn)!) < exp(-A + logn log(eA/ logn)) 



< exp ( --logn log logn ] = n - l ^ogn/2 



We have 



EWi{Wi - 1) = A 2 / fc -i(A)// fe (A) = 2d(. 
By Hoeffding's inequality and noting that M = dn and \Wi\ < logn for all i, we have 



^2Wi(Wi-l)/2M-C 
2(2M/logn) 



i=l 

< 2 exp 



1 \ 






-'( 


logn j 





n 

X] (Wi(Wi - 1) - EWi(Wi - 1) 



(log n) 2 n 



2 exp 



8ci 2 n 



> 



2M 
logn 



(log n) 



Hence, 



J2Zi(Zi-l)/2M-C 
8d 2 n 



< 2 exp 



> 



< P 



8=1 



(logn) 4 



logn 

+ n l-loglogn/2 = Q (l/ M y 



J2Wi(Wi-l)/2M-( 



> 



logn 



nP{Z l + 
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Hence, by Proposition EU P M (Y £ V^ Mk ) = o(l). I 

Let e > be a small constant and let 5 e denote the event that there is a fc-regular subgraph 
whose size is between en and (1 — e)n. Given a set S, let denote the event that there is a 
fc-regular subgraph on S. Then by Proposition 13.21 and Lemma 13.31 and by symmetry, 

P M (B e A (G simple) AY G^) + P M (Y £ £>° )M , fc ) 



P^(G simple) 
= 0(P M (B e A (G simp/e) A Y G P^ )fc )) + o(l) 

= O ( Yl E P -m(^ A (G simple) A Y G X>° iM>fc ) J + o(l) 

\en<j<(l-e)iiSC[n]: |5|=s / 

= ( E (*) P A^M A (° s%m P le ) AYe V l,M,k) + o(l). (3.9) 

\en<s<(l-e)n ^ ' J 

Let Xr s i denote the number of k- regular subgraphs on S = [s\. For an arbitrary subset T> 
of P° iM>fc , let V = V° M \ V. Then, 

P M {A [s] A ( G «"^e) A Y G P° ;M)fe ) = P M {A [S ] A (G szmp/e) A Y G P) + 0(P^(P)) 
< E M (X [s] I{(G simple) A Y G V}) + 0(P M (V)) 

= Vm(X [s] I (G simple) A Y = d)P M (G simple \ Y = d)P^(Y = d) + 0(P M (V)) 



dev 



< ^E n (X [s] I Y = d)P M (Y = d) + 0(P M (V)) 



dev 

^ E^( s )^y p ^( y = d ) + °( p M(m (3.10) 

dev ^ ' 

where d' = (gQ£=i i s defined by d\ = > s} + (di — k)I{i < s} for all 1 < i < n. Note that 
the last inequality above holds because the number of fc-regular graphs on S is gk(s), whereas 
the probability that a given k- regular graph on S is a A;-regular subgraph of 7i(n, M, k) on S, 
conditional on the degree sequence of T-L(n, M, k) being d, is at most g(d')/g(d). 

In what follows, we will choose appropriate V so that P M {V) is sufficiently small and we 
will upper bound 

J2g k (s) 9 -^-P M (Y = d). (3.11) 

dev "\ ' 

Let M s > ks and let M.(n,M, M s ,k) denote the probability space of M.(n, M, k) condi- 
tioned to J2i< s = M s . Then the distribution of the degree sequence Y\ . . . , Y s is precisely 
truncated multinomial Multi(s, M s ,k). Let 

V n M m. k = < d G Vl ,„ , : V tL = M 



\deV° n>M>k : J2 d i 

L i<s 
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Let a > be fixed. Define 

D a = U £n,M,M s ,fc- 

ks<M B <(l+a)ds 

We will estimate A3. 11 j) and P^j(P) with P = V a . First we upper bound Pm^o-)- 

Lemma 3.4 Assume d > k + |\/& log and d = k + o(k), where the asymptotics refers to 
k — >■ oo. Ta£;e /i £/ia£ satisfies = df k (fi). Then k < fi = k + o{k) for all large k and 

n/d — > 1, as k oo. 

Proof. Let fi= k. Then > 1/2. Hence, for all large k, 



for some positive constant C, by Stirling's approximation. It is easy to check that xfk-i (x) / fk(x) 
is an increasing function of x and so we have that // > ju = k. It is also obvious that 
H = dfk(fi) / fk-i(fJ-) < d = k + o{k). So fi/d — > 1 as k — > oo. 

For a set S of vertices, let deg(S) denote the sum of degrees of vertices in S. The following 
lemma is a standard concentration result on the degree sum of a set of vertices that is not 
too small. See [6j Corollary 5.4] for a detailed proof. 

Lemma 3.5 Let G ~ Ai(n, M, k) where M = 0(n) and d = M/n > k. Take \x that satisfies 
yfk-i{y) — dfk(p)- Assume f/,/d — > 1 as k — > oo. Then for every a > 0, there exists K > 
and < a < 1 such that for all k > K, and for any S C [n] with \S\ > log 2 n, 

P M {\deg{S) - d\S\\ > ad\S\) = 

By Lemmas 13.41 and 13.51 for any fixed a > 0, we have 

Pm(Po) < P d '\ for some < p < 1. (3.12) 

Next, we estimate ( 13 .lip . Note that for every a > 0, we have 1 + a > k/d, as d > k. Thus, 
T> a is non-empty. We will prove the following lemma. 

Lemma 3.6 Let G ~ Ai(n, M, k) where M — 0(n) and d = M/n > k. Let a > be fixed 
and let rj = M/ks. Define 

fM = (i - ( m ) ^> \ (l+a)i _ k) ^ , (3.13) 

where n is the root of 

Then there is a positive constant C such that for every a > 0, and for every en < s < (1 — e)n, 
£ gk(s) 9 -^-P M (Y = d) < 2aW((l + Ca)f( V , 



8 



We leave Lemma 13.61 to be proved in Section 13.11 In this section, we complete the proof of 
Theorem 12.11 using Lemma [3.61 

Let 5 = s/n. By f)3.10p and Lemma [5TBI for any fixed a > 0, 

P m (a [s] A (G simple) A Y G £>° )M)fe ) < 2dsM((l + Ca)f{d/kS, 1 + a)) ks + 0(P M (P*))- 

Since (™) < ra(<H(l - 5)~ 1+s ) n , by (|53) . we have 



CM ^ 2dsMn(r 1/fc (l - 5)^(1 + cr)) b 

\en<s<(l-e)ri / 



+ °\ E ( J P M(^) ] +o(l). (3.14) 

en<s<(l— e)n 



Lemma 3.7 Assume d > k + \\/k~ log A;. For every e > and every a > 0, iaere exzsfo a 
K > such that for all k > K, 



( n )p M (V (T ) = o(l). 



en<s<(l—e)n 

Proof. By (I3.12j) . there exists < (5 < 1 depending only on a that 

era<s<(l-e)n v 7 en<s<(l-e)n v 7 s>en v 7 s>en v 7 

Choose sufficiently large so that e(5 d /e < 1. Then the above summation is o(l). I 
Recall the definition of / in ( 13.131) . where // is the root of fifk-i(fi) = dfk(f^). 

Lemma 3.8 Assume d > k + |a//c log k and d = k + o(fc) ; where the asymptotics refers to 
k — > oo. T/zen /or every e > 0, tnere exzsi sufficiently large K > and sufficiently small 
a > snc/i i/ia£ /or all k > K and for all e < 5 < 1 — e, 5~ 1/fc (l - 5) -i ir(l + Ca)f(rj, a) < 1, 
where rj = d/k5. 



Proof. By Lemma |3^4"| n>k and so > 1/2. Then, clearly, as k — > oo, 

5-^(1-5)^^1, ^ = (i + (l))e/*, / fc (^) 1/fc ^l. 

Define a(n, o) = <5 _1 / fc (l — <5)~~fc*~(l + Ca)f(r], a). (Note 5 = d/kr) depends only on rj.) Then, 
as k — > oo and a — > 0, 

/ \ (l+<r)d/fc-l 

ij/2-1/2 -ri/2 -ii/k+(l+<r)d/k / I 1 



g(r],a) -> (n - I)" 72 - 17 V 7 e 



;i + o)d- fc 



e -ti/k+(l+a)d/k ( V | _^ ^ 



Next, we show that 

(l+o)d/k-l 

[l + a)d-k 

as Ac — y oo and a — > 0. Let x M = /ia — Ac and Xd = d — k. Then, x M = o(Ac) and Xd = o(k) by the 
assumption that d = k + o(&) and Lemma [3.41 So, 

/ ,, \ (l+cr)d/fc-l / 7 , \ x d /fe+o-(l+x d /fc) 

IJ./k+(l+a)d/k / Af \ _ (^-x^/fc+^l+^/fc) / ft + "V 



(l+cr)d — A;/ + <r(Ac + Xd) 



k + x. 



Xd/k+cr(l+x d /k) 



exp ((1 + o(l))cx 

exp ((1 + o(l))rr) exp f(y + <r(l + x d /Ac)) log f 



X d + a(Ac + X d ) 

1 + x^/k 



x d /k + a (I + x d /k) 



where the asymptotics above refers to k — » oo. Since x^/Ac — > and x^/Ac + a(l + Xd/k) — >■ 0, 
as Ac — 7- oo and er — >■ 0, the above can be arbitrarily small by choosing sufficiently large 
k and sufficiently small a. Hence, g(i],a) — » (77 — l)'?/ 2_1 / 2 r7 -»?/ 2 . It is easy to prove that 
(77 — l)^/ 2-1 / 2 ^-^/ 2 is a strictly decreasing function on 77 > 1 with limit 1 as 77 approaches 
to 1 from above. Since d > k and 5 < 1 — e, we have rj = djkb > 1/(1 — e). Thus, there 
exists e' > 0, such that (77 — \y|/ 2 ~ l / 2 r|~ r, / 2 < 1 — e' and so g(r), a) < 1 by choosing sufficiently 
small a and sufficiently large k (so that Xd/k and x M /Ac are sufficiently small). Therefore, for 
any e > 0, there exist sufficiently large K > and sufficiently small a > 0, such that for all 
k > K, 5~ l / k {l - <J)-irar(l + Co-)/(t7, a) < 1 for all e < 5 < 1 - e. I 

Now we complete the proof of Theorem 12 . 11 By Lemma 13.81 for every e > 0, there exists 
o > 0, such that provided k is sufficiently large, 



2dsMn(5- l/k (l -8)-^(l + Ca)f{ri)} ka < Yl P ks = o(l) 

en<s<(l—e)n en<s<(l—e)n 



for some < (3 < 1. Let o > be chosen so that the above holds. Then by Lemma 13.71 
provided k is sufficiently large, £ en < s < (1 _ e) „ C)Pm(^) = o(l). By (EH, P H (B e ) = o(l) 
and so a.a.s. there is no Ac-regular subgraph in "H(n, M, Ac) with size between en and (1 — e)n. 

3.1 Proof of Lemma 13.61 

Recall that for any d 6 Pn,M,M s ,fc, d' is defined as g?£ = dj{i > s} + (di — k)I{i < s}. By ( 13. 5ft 
and (ET5j) . 



0k(s) < 



(Acs)! 



2 fcs / 2 (Acs/2) !AcH 



^ (d) = 2^/ 2 (M/2)! niLi ^ eXp( ~ V?(d) + o( ^ /M))l 



(M — Acs)! 



2 (m-m/2((m - Acs)/2)! FEUC* - k V- 



10 



where <f(d) is defined in (I3.17p . By the definition of P° Mk in ( 13. Tf) . and the definition of ( 
in (ESD, for any d G T> n>M ,M s ,k Q ^M.fc) we nave 

V9(d) = c + C 2 + o(i)- 

Then for some constant C > 0, 

E»-w^p«(Y=d) = (I E* E ftW^p«(v=d) 

del?a yl ' M a =ks d£T> nMiUstk yy > 

(M!exp(C + C 2 + o(l)) 2^ 2 (M/2)!(M-M! n rrflp/Y= , 
2*»/2(jfe s /2)!A;!' M\2( M ~ k °)/ 2 ((M - ks)/2)\ ^ ^ J.J.L'WM 1 "J 

/ ft-l \ ks/2 1 / / L„\M/2(1+^ 

^ f^-s) ee n»PM(v=d), 

V 7 V 7 M s =fcs deP s>Ms>t KKs 

(3.15) 

where Y = . . . , Y s ) is the sub-degree sequence of M.(n, M, k). Since the distribution of 
Y is Multi(s,M s ,k), by f[3TTT) . 



11 [*] fc P^(Y = d) = ^ =-= ns 



E IIt^ 



Obviously, for every M s > fcs, J^[| =1 l/cZ^! for d G T> s ,M s ,k is minimized when d = 
(k, k, . . . , k, k + <p), where <fr — Ms — ks. Thus, we immediately have the following lemma. 

Lemma 3.9 For every M s > ks, 

d E ti^^+tr 1 -*^*^. 

where <fi = M s — ks. 

When M s — ks — > oo, we have a fairly precise estimate of E^ de:D A/ fe E[i=i V^i'i stated in 
the following lemma. 

Lemma 3.10 Suppose M s — ks — > oo as n — )■ oo. T/ien 

£ n i M! = ©(Vv / Ms)e M V Ms / fc ^) s , 
dex> SjJl / a , fc i=i 

where \i satisfies 

/x/ fc -i(/i) _ Ms 
AO) s 
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Proof. Let Zj, i < s be independent copies of the truncated Poisson variables Z> k (/i), 
defined in (I3.2p . Then, 

^ ( „ * r \ \ - tt e - '*//* e-» s u Ms x - 1 

p ^= M = e n^=w e 

By the definition of /i, P( Ei< s ^ = M a ) = 0(l/ v / MT) by [1$ Theorem 4(a)]. Hence, 

E n^! = ( 1 /v / ^)e^- Ms A(/ir- ■ 

In the next lemma we deduce an upper bound of Y^dev sM k Yli=i VO^i — ^)!. 
Lemma 3.11 For every M s > ks, 

* I p M s -ks 

e n^< 



Proof. We have that 

s i s i 

e n Ui ~ ky. = s n^y- 

If M s = fcs, the inequality holds trivially as both sides equals 1 (by defining 0° = 1). 
Suppose M s > ks. Let Z iy i < s be independent copies of the Poisson variable Po(A), where 
A = Mjs - k. Then 

e A _ e -M s +ks^M s -ks JQ 
d€'D Sj M s -fea,0 *< s ' de£> 3iA / s _ fes , *< s 

Since P( Zi = M s — ks) < 1, we have 



E , i „M a -ks 
TT— < - I 
11 di\ ~ \ M °~ ks 

deP SjA f a -A S ,o 

By Lemmas 13.91 13.101 and |3~TT1 and ( 13. 15f) and using Stirling's formula, we have 
^ ykK g d • MV i \M-ksJ k\ s \ Ml 

g-M \ s e M s -ks 

JM) ^ \M a /8-k)">-to' (3 ' 16) 
where /Z satisfies 

M/)b— i(/x) _ 
/fc(7*) s 
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and 

U o \ ks / 2 •, / U«\ M/2 p M s -ks 



ra) ^i 1 -^) log.) 1 - 



(M,/s - *) 



M,-ks ' 



Note that corresponds to the contribution to the summation (13.161) from /cs < M s < 
ks + logra. 

Lemma 3.12 Let p > k and let p = p(p) be the root of pf k -\{p) / fk{p) = P- Then p> p — k 
for all p > k. 

Proof. Let p = p — k > 0. Since fkip) > e~^p k /k\, we have 
R/fc-iffi) _ pe-tp*- 1 _ ^ ke-tp k 

fm " (k-iy.f k (p) ^ + k\up) <fi+ p - 

Since pf k ~i(p) / fk(p) is an increasing function of p, we have p > p = p — k. This completes 
the proof of the lemma. I 

Lemma 3.13 Let p = p(p) be the root of pf k _i(p)/ f k (p) = P, for p > k. Then 

p -u / „ \p- k 



fM \P~k 
is an increasing function on p> k. 

Proof. Define g(x) = xf k ^i(x)/f k (x). Then g(x) is an increasing function on x > and 
g(x) — > k as x — > 0. Let h\(p) = plogp — p — log f k (p). Then 

p p -^ = exp(h 1 (p)). (3.17) 
MM) 

Taking the derivative of hi with respect to p, we have 

= log^ + V(p) ~ Ap) - TJ^P'(P) = log/i + Ap) (- ~ 1 " tt\ 
V fk{p) \p fk{p) 

Since f k {p) = fk-i(p) — fk(p>) f° r all > 1, we have 

K(p) = log p + p\p) ( p -- f -^- 

VM fkW 

Since p = g(p), we have p/p = f k -i{p)J f k {p), which implies that h[(p) = log p. 
On the other hand, 



p — k 



p—k 



exp ((p - k) (1 - log(p - A;)) J . 
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Let h 2 (p) — (p — k)(l — log(p — k)). Then the derivative of h 2 is — log(p — k). 

_ / \ p—k 

Thus ' ^ttfi \P=k) = ex P(Mp) + h 2(p)), and 



K(p) + ^(p) = log/i - log(p - fc) = log ( — 

VP- 



By Lemma 13.121 the above is greater than for all p > k. Hence, P p j^ (p^fc) * s an 
increasing function of p on p > fc. I 

In we have ks < M s < (1 + er)<is. By Lemma [3.131 

t^tJ p a S ' = P P ^ / 



.A(/Z); " (M./a - AO"*"* V / fc ^)VP-^ 
in (I3.16P (taking p = M s /s) is maximized at M s = (1 + a)ds. Let = M/ks. Define 



V* „(i+ CT )d/fc-i 



v^r v /,y ^ i/fe V/ fc (p); " ((l+^d-ife)^ 7 *- 1 ' 

where p is the root of 

Pfk-i{p)/fk(p) = (1 + 

Compare / with / in (I3.13p . They are almost the same except that p and p are slightly 
different. By fl3TT5|) . 

^g h (s)^P M (Y = *)<</> + £ Mf( V ,a) ks , 

deT> a ^ ' M s =ks+\ogn 

where is defined in (I3.17p . 

Lemma 3.14 Let p be the root of pfk-\{p) = dfk(p) and let f be defined as in liS.lS]) . Then 
there is C > such that for every a > 0, 



dev a 



£ g k (s) 9 -^P M (Y = d) < 2dsAf ((1 + a))"" 



Proof. Comparing the terms in (" 13. 1 7[) with terms in (I3.16p . It is straightforward to verify 
that 



M a /ks-\ / \V* 



,M s /ks-l f -£ \ 1 / k (l+cr)d/k-l 

)d/k _ 

((l + <j)d-k) {l+a)d,k - 1 

for every ks < M s < fcs + logn eventually as s — > oo as n — > oo. Thus, 



£ ^(^)4^J P ^( Y = d ) ^ 2dsMf( V ,a) ks , 
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By the definition of /, we only need to show that f(r],a) = (1 + 0(a))f(r),a) for every 
a > O.It follows by noting that ju = (1 + 0(a)) fi, whereas d/k = 0(1). Thus, 

tfi+*)d/k = (i + 0(a))^ d ' k 
'l + 0(a))- £ 



and the constant involved in the asymptotics above does not depend on a. I 



4 Proof of Theorem 2.2 



Lemma 4.1 Let M = 0(n) and M > kn. For every k > 3, a.a.s. there exists Q(n) vertices 
in H(n,M, k) whose degree is at least k + 1 and whose neighbours all have degree k. 

Proof. As M = 0(n), a.a.s. the numbers of vertices with degree k and k + 1 are both Q(n) 
by applying Proposition 13.11 I.e., there are positive constants C\ < C 2 and Di < D 2 such 
that 

C x n <N k < C 2 n, D in < N k+1 < D 2 n, (4.1) 

where iVj denote the number of vertices with degree i G {k, k + 1}. Recall the definition of 
Mk m (13-71) . Let V\ lMk denote the subset of £>° Mk such that C\n < J2i-d =k 1 — and 
i : d i= k+i 1 — D 2 n. Let d G 1^n t M,k- Conditional on the degree sequence of "H(n, M, k) 
being d, %(n, M, k) can be generated by the configuration model, as described below ( 13. 17ft . 
Let %a denote the random (multi)graph generated by the configuration model. We prove that 
the claim in this lemma holds in Hd for every d G D^Mk- Then the lemma follows by (14. ip 
and Lemma 13.31 and the fact that the probability that "Hd is simple is (See [8]). Now 
consider H A where d G T>\ Mk . Let n k = ^2i, d . =k ^ an d n k+i = J2i-.di=k+i ^ -^ et ^ denote 
the number of vertices with degree k + 1, whose neighbours all have degree k. There are 
nk+i ways to choose a vertex v with degree k + 1 and ( fc "£J ways to choose k + 1 vertices as 
neighbours of v. For each of these k + 1 chosen vertices, there are k ways to choose a point 
inside the vertex. The number of ways to match those k + 1 points to the k + 1 points inside 
v is (k + 1)\. Then, 

k 

ex = G + J kt+1< - k + 1)! n = «(»). 

where nf=o m-\-h ^ s ^ ne probability that a given set of k + 1 pairs occurs in the random 
matching over M points. Next, we compute EX(X — 1), i.e. we count the expected number 
of ordered pairs of distinct vertices, both with degree k + 1, and both with all neighbours 
having degree k. We first count such pairs (t>i,t>2) such that V\ is not adjacent to v 2 and 
N(v\) PI N(v 2 ) = 0, where N(v) denotes the set of neighbours of v. There are nk+i(n k +i — 1) 
ways to choose (v\, v 2 ) and (S) ("^j" 1 ) ways to choose the neighbours of v\ and v 2 . Hence, 
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the expected number of such pairs is 



— - i i k +i) Cv*r > 2( * +,, < fc + w if = (i + «<i))cex)» 

(4.2) 

Next, we bound the number of such pairs (t>i,t>2) such that v\ is adjacent to v 2 . There are 
nk+i(n<k+i — 1) ways to choose (vi,v 2 ) and at most ( n fc fc ) (^, fc ) ways to choose the neighbours of 
v\ and ^2- Hence, the expected number of such pairs is at most 

oU + A k nW^2l)-0(n). (4.3) 



Last, we bound the number of such pairs (vi,v 2 ) such that V\ is not adjacent to v 2 and 
|JV(«i) nN(v 2 )\ = j, j > 1. There are (J) (^j/) < nf +2_i to choose the neighbours 

of vi and v 2 and hence the expected number of such pairs is 



nj+in? +2 - J II M _i_ 2 J = ° {n2 ~ 3) = ° {n) - (44) 

Combining (fP]l . fTOj) and we have EX(X- 1) = (1 + o(l))(EX) 2 . It follows then that 

the variance of X is 

EX(X - 1) + EX - (EX) 2 = o((EX) 2 ). 

By the second moment method, it follows that a.a.s. X = Q(n) and the claim of the lemma 
follows thereby. I 

Proof of Theorem 12.21 Let G G %{n, M, k). A vertex in G has property B if it has degree 
at least k + 1 and all its neighbours have degree exactly k. If v has property B, then any 
/c-regular subgraph H of G must miss at least one of its neighbour. By Lemma 14.11 a.a.s. 
there are Q(n) vertices having property B. On the other hand, each vertex with degree k can 
be incident with at most k vertices that have property B. Hence, any ^-regular subgraph of 
G must miss fl(n) vertices of G. I 



5 Proofs of Theorems 2.6 and 2.7 



Lemma 5.1 Let k > 3 and eo = l/4e. Assume p < 2k/n. Then, a.a.s. all subgraphs of 
Q(n,p) with size s < e n have less than ks/2 edges. 

Proof. Given s, let X s denote the number of set S with \S\ = s that contains at least 
ks/2 edges. There are ( n ) ways to choose a set of s vertices and given S with |,S| — s, the 
probability that there are at least ks/2 edges inside S is at most 
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Hence, 



EX S < ( n ) (2es/n) 3s/2 = 2e 2 (2es/n^ s 2 



By the choice of e , the expected number of sets S with \S\ < e n that contain at least k\S\/2 
edges is at most 

s/2 

= 0(1). 



; r\cc n Iait n * — ' a <; cn n \ X 



The claim follows by the first moment method. I 

Proof of Lemma 12.51 By the definition of /i^, h'^fi^) = 0. Since 

, , ( x _ fk-i(x) - xf'^jx) 
k[X) h-i(x) 2 
and /(.(a;) = fk-i(x) — fk(x) for all > 1, we have 

fk-l(^k) = A i fc(/fc-2(^fe) — fk-l(fJ'k)), 

i.e., 

fk-2(t*k) _ 1 + ^fc = 1 J_ 
fk-l(^k) H°k 

On the other hand, 



z/" 2 



(*-2)!' 

it follows immediately that 



// fc e ^ 



fc-2 



(A; - 2)!/fc_i(jU fc ) 
Multiply both sides by l/(fc — 1), we get 

e-^/i^" 1 1 



(*-1)!/mW (5 ' 1} 
The left hand side is a decreasing function of on [A;, oo). Moreover, taking ju = A;, we have 
fk-i(fi) > 1/2 and so, 

for some constant C > by Stirling's approximation. Since C/y/k is larger than l/(k — 1) 
for all large k, we have > fl = k for all large k. So, fk-i{^k) > 1/2. 

Let x = fik — k (x > a.s fik > k) . Then using Stirling's formula, we have 

, , N e-^n k ~ 2 (k + x)e~ x ~ 2 ( x + 2\ k ~ 2 

fk - lifik) = ^Jk~W ~ I 1 + k~2) 

- ( k+x)e ~ x -\,Jx + 2-^ + o(xyk 2 : 



V2^k V 2(fc-2) 



>/3fe(l + 0(x/A;)) / (x + 2) 



\2 



exp ( ' + 0(x 3 /k 2 ) ) . 



2tt "V 2(A;-2) 
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Thus, 




+ 0(x 3 /k 2 ) = -~ log A; + bg(V^/ fc _i(^ fc )(l + 0(x/k))). 



It follows immediately that //& = k + y/k log k + 0{\/k/ log k). Then, by ( 15. ip and the fact 
that f k -x(n k ), fk(fJ-k) = ^(1), 




Since = k + /c log /c + 0{\Jkj log A;), it is very easy to verify that fkif^k) — > 1 as k — > oo. 



I 



Recall that is the minimum integer m such that G m contains a fc-regular subgraph in 
the graph evolution process. We will use the following theorem to bound irik- 

Theorem 5.2 (Chan and Molloy [3]) For all sufficiently large k, and for every c^+i < 
c < Ck+i + 2 y/ k log k, a.a.s. the (k + l)-core of Q(n,c/n) contains a k-factor or a k-regular 
subgraph that expands all but one vertex. 

Proof of Theorem l2.6l By Theorems 12.31 and 15 . 2 [ for all sufficiently large k, a.a.s. Q(n,p\) C 
Gm k ^ Q{n 1 p2)i where p\ = (ck — n~ 1 / 3 )/n and P2 = (ck+i + l)/n. See [7] for details of the 
coupling of Q(n,pi), G mk and Q{n,p 2 ). Let C k = C k {G mk ). Then C k is non-empty. By 
Lemma [2.4[ the average degree of Ck is at least dk + o(l) (asymptotics referring ton-^ oo), 
which is greater than k + \\/k log A; by Lemma [231 Since a.a.s. G mfc C Q(n,p 2 ), the average 
degree of Ck is a.a.s. A; + o(/c) by Theorem 12 .31 (by noting that fj,fk-i(f^)/fk(^) is an increasing 
function on > 0). Then, by Theorem 12. 1[ there are (ek)k>3 with e& — > as k — > oo, such 
that a.a.s. there is no fc-regular subgraph of Ck with size between ek\Ck\ and (1 — e fc )|C fc |. Since 
G mk C Q(n,p 2 ) and P2 < 2fc/ra, by Lemma [57T] a.a.s. there is no fc-regular subgraph of G n , P2 
(and hence of G m J with size at most e \Ck\ < eo^, where eo = l/4e. Since e& — > as k — > oo, 
we have eo > e& for all sufficiently large k. Then, for all large k, there is no fc-regular subgraph 
with size at most (1 — ) | | . By Theorem 12 .2\ there is < Ok — >■ as k — )■ oo, such that 
a.a.s. there is no fc- regular subgraph of Ck with size greater than (1 — <jfc)|C|. This completes 
the proof for Theorem 12.61 I 

Proof of Theorem 12.71 Consider c> Ck and c = k + o(fc). Let \x be the larger solution of 
\ij fk-\{p) = c. Then /x > and fi = k + o{k) and /fc_i(/i) — )■ 1 as A; — >■ oo. By Theorem 12. 11 
there are (efc)fc>3 with — )■ as A; — > oo, such that a.a.s. there is no A;-regular subgraph of Ck 
with size between €k\Ck\ and (1 — efc)|Cfc|. By Lemma |5TT| a.a.s. there is no A;- regular subgraph 
of G n:C / n with size at most eo|Cfc| < e n, where eo = l/4e. Since e^ — > as k — > oo, we have 
eo > e fc for all but finitely many k. For each k such that e < e k , redefine e^ = 1 — e . Then, 
for all k > 3, there is no Axregular subgraph with size at most (1 — 6fc)|Cfc|. By Theorem 12 .2\ 
there is < cr^ — > as k — )■ oo, such that a.a.s. there is no A;-regular subgraph of Ck with size 
greater than (1 — Cfc)|C|. This completes the proof for Theorem 12.71 I 
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